I. INTRODUCTION
As far as we can tell, the initial condition for the formation of structure in the universe is provided by the primordial curvature perturbation ζ, which is known to exist when cosmological scales start to come inside the horizon. In turn, ζ is supposed ultimately to originate during an early era of inflation, as the vacuum fluctuation of one or more bosonic fields. Until recently these were always taken to be scalar fields, but following the proposal of Dimopoulos [1] vector fields are receiving considerable attention [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . If a vector field contributes, statistical anisotropy of ζ may be expected, providing a smoking gun whose form will be a powerful discriminator between different models for generating the curvature perturbation.
In order to give a significant contribution to the curvature perturbation over a wide range of scales, the spectrum of the perturbation in each relevant field should be nearly scaleinvariant. Barring an unlikely cancellation, this requires inflation to be almost exponential (de Sitter) while cosmological scales are leaving the horizon. Near scale-invariance is then automatic for scalar fields that are light (mass much less than the Hubble parameter) with canonically kinetic terms and minimal coupling to gravity. For a vector field in contrast, those same requirements lead to a contribution to the spectrum P ζ going like k 3 . This almost certainly makes the contribution negligible on cosmological scales [4] , because P ζ is constrained to be at most of order 1 on the much smaller scale leaving the horizon at the end of inflation (to avoid excessive black hole production).
For a light vector field A µ with the canonical kinetic term, one recovers scale invariance by introducing a non-minimal coupling RA 2 /6 to gravity [3, 4] . The spectrum of each transverse mode is then the same as for a scalar field, while the spectrum of the longitudinal mode is twice as big. The latter feature generates statistical anisotropy of a distinctive form [4, 5] .
A coupling RA 2 /6 has also been invoked in a completely different context, namely the case when A µ describes the electromagnetic field [12] . In that case, the perturbation generated during inflation becomes a primordial magnetic field which may be cosmologically significant.
The coupling RA 2 /6 thus has at least two possible uses, but concerns have been raised about its health. They are about the longitudinal mode [4, 10, 11] and are of two kinds. The first concern is that the effective kinetic term of the longitudinal mode (taking into account the non-minimal coupling) is negative on sub-horizon scales during inflation [4, 10] . As a result, one suspects that the corresponding particles carry negative energy density, allowing them to be created from the vacuum which makes it unstable. Such creation is known to occur for a minimally coupled scalar field with a negative-sign canonical kinetic term; a scalar field with this property is called a ghost and is cosmologically unacceptable.
The second concern [11] applies only if the action of A µ has a non-zero mass term. Taking the inflationary expansion to be isotropic, the longitudinal mode function becomes singular at a certain epoch after inflation is over. Taking into account the anisotropy in the inflationary expansion, caused at some level by the homogeneous part of A µ , further singularities occur at least in the evolution equations [11] . If A µ describes the electromagnetic field the mass term is absent and there are no singularities. If instead A µ is supposed to generate a contribution to the curvature perturbation we cannot simply drop the mass term, but we will see in Section V how it might be replaced by something more complicated so as to avoid the singularities. If the singularities do exist they indicate a breakdown of the linear evolution, and progress in understanding what is going on could be made only with a non-linear calculation which is not performed here. In the absence of such a calculation, we are free to assume that any singularities have a negligible effect; in other words, that the linearly-evolved quantities match before and after an epoch of singularity.
In this paper, we focus mostly on the possibility of generating a contribution to the curvature perturbation. In Section II we review known results. In Section III we give the contribution of the vacuum fluctuation to the energy density, and in Section IV we give the contribution of particles along with a discussion of the issue of particle creation from the vacuum. In Section V we mention ways of avoiding a mass term in the action of the field and we conclude in Section VI.
II. BRIEF REVIEW OF KNOWN RESULTS

A. Action
Except where stated the notation and conventions of [4] are adopted. We are considering the action
where F µν ≡ ∂ µ A ν − ∂ ν A µ and we are ignoring the back-reaction, which means that the line element is
The curvature scalar is
where P and ρ are the pressure and energy density of the dominant component of the universe. During exponential inflation R = −12H 2 . Going from the coordinate-induced basis to an orthogonal basis we arrive at the physical vector field B µ = A µ /a. (This notation for B µ and A µ is the reverse of the one in [4] .)
This action is supposed to hold during inflation. It was first invoked [12] to generate a primordial magnetic field, with m = 0 and A µ the electromagnetic vector potential. Then it was invoked in [3, 4] to allow A µ to generate a contribution to the curvature perturbation, which might be done through the curvaton mechanism [13] or one of its generalisations [14] .
The kinetic term of the action is the only gauge-invariant expression (confining ourselves as usual to a term that is quadratic in spacetime derivatives of A µ ). Additional possibilities [4] exist if the kinetic term breaks gauge invariance. One might consider them on the ground that gauge invariance is broken by the coupling RA 2 /6 and (if it exists) the mass term. But they would not give the desired flat spectrum for δA and we therefore reject them in the present context.
#1
B. Transverse and longitudinal modes
We write the vector field as a sum of the homogeneous part ant the perturbation, A µ (x, t) = A µ (t) + δA µ (x, t). The time component of the homogeneous part A µ (t) vanishes, and the physical space components satisfÿ
which is the same as for a scalar field with the mass-squared m 2 . While the time component of the perturbation is related to the space components δA i by a constraint equation.
In what follows we work with the Fourier components of δA i (t, x) defined by
(In some formulas we use the physical momentum p ≡ k/a.)A ik (t) can be written as
where e λ i are polarization vectors. With the z axis chosen to be along the k direction, the polarization vectors are
and we choose e *
both of these relations had a minus sign.) The transverse components L and R satisfy the same equations and we will use λ = ⊥ to denote either of them.
The vector field is quantized by promoting it to an operator in the Heisenberg picture:
Around the epoch of horizon exit corresponding to aH = k, the vacuum fluctuation of each mode is converted to a classical perturbation. The perturbation is gaussian so that the only connected correlator is
The spectrum P λ (t, k) determines the expectation value of A 2 λ (t, x) which is also its spatial average:
#1 In the context of generating a magnetic field one might want to consider them, because a flat spectrum for δA is then not particularly desirable as we see after Eq. (42).
The vacuum fluctuation of the physical transverse mode B ⊥ = A ⊥ /a is the same as that of a scalar field with mass-squared m 2 . Well before horizon exit the action is that of a harmonic oscillator:
We choose the mode function
so thatÂ ⊥k describes massless particles with momentum and energy p = k/a, and we choose the vacuum state. This choice is practically mandatory, because an occupation number n k > ∼ 1 on cosmological scales would almost certainly generate too much positive pressure. To be precise, this pressure would exceed the inflationary pressure −3M 2 P H 2 at the beginning of inflation, unless fewer than ln(M P /H)/2 e-folds of inflation occur before the observable universe leaves the horizon [15, 16] .
The evolution equation for A ⊥k is
Well after horizon exit its solution has constant phase which means that we have a classical field A ⊥k .
(To be precise, a measurement could create such a field.) Just a few Hubble times after horizon exit we can take m 2 = 0 and H constant. Then the spectrum of the physical field is
Since the spatial gradient is now negligible, the subsequent evolution is given by Eq. (5). Taking H to be constant, and assuming also m ≪ H, Eq. (5) gives
alsoḢ/H 2 to be constant, this gives the spectrum evaluated at a time when all relevant scales have left the horizon:
with ǫ and η constant. (Note that this η has nothing to do with the conformal time.) The action for the longitudinal mode is [10] S || = (2π)
As long as m ≪ H, we see that in the sub-horizon regime where p is slowly varying
Except for the minus sign this is the same as for the transverse mode. We choose the same mode function forÃ ||k as for A ⊥k in Eq. (15), corresponding to
#2 The approximations H andḢ/H 2 constant should be adequate during the 15 or so e-folds that occur while cosmological scales are leaving the horizon.
and we choose the vacuum state. It was presumed in [4] thatÂ ||k describes particles with energy −(k/a) and we verify that in the next section. Then the vacuum choice is practically mandatory, because the argument given for the transverse mode holds, except that we deal with negative energy density and pressure, and it is the energy density not the pressure which would spoil inflation [4] . The evolution equation for A ||k is [11]
The second term in the first round bracket is negligible during inflation, because then it is equal to −Ḣ/H 2 . If our action continues to hold after inflation, this term may become significant and if m is nonzero M 2 will rise through zero making this term singular. During inflation with |m 2 | ≪ H 2 the term (p 2 + M 2 ) passes through zero around the time of horizon exit, but A ||k is regular there [4, 11] and so is [11] Ȧ ||k /(p 2 + M 2 ). Taking m 2 = 0 and H constant, one finds soon after horizon exit the spectrum P || = 2P ⊥ . The subsequent evolution A ||k is again given by Eq. (5) so that when cosmological scales have left the horizon
with P ⊥ given by Eq. (18). After inflation is over, δA µ can generate a contribution to the curvature perturbation through the curvaton mechanism [13] or one of its generalisations [14] . Through the δN formula [2, 4, 17, 18] , Eqs. (18) and (23) then give the spectrum, bispectrum etc. of this contribution. Because of the factor 2 in Eq. (23), they exhibit distinctive anisotropy [4, 5] .
On the assumption that A µ instead describes the electromagnetic field [12] , the physical vector potential B i becomes time-independent in the super-horizon regime, and its transverse component gives a time-independent primordial magnetic field B mag = curl B. The flat spectrum of A ⊥k makes the spectrum of B mag go like p 2 , which makes it perhaps difficult to generate a useful primordial magnetic field on cosmological scales, and one might prefer the spectrum of A ⊥k to go like p −2 [19] so that B mag has a flat spectrum. The longitudinal mode of the electromagnetic field in this scenario has not been mentioned in the literature.
III. ENERGY DENSITY: GENERAL EXPRESSION AND VACUUM FLUCTUATION
A. General expression
The interaction RA 2 /6 means that we are not dealing with Einstein gravity, but we still define the energy-momentum tensor through the Einstein equation,
The contribution of bosonic fields is
Since we used the Robertson-Walker metric to deal with A µ , we do the same to evaluate the contribution of A µ to Eq. (25). It is [8]
where T ν 1µ is the part of the energy-momentum tensor which has the same form as the minimally coupled vector field
while T ν 2µ is an additional term due to non-minimal coupling to gravity
The latter will become negligible at late times, when R becomes negligible. The contribution of the unperturbed physical field to the energy density and pressure are the same as for a scalar field [8] :
(They satisfy the continuity equationρ = −3H(ρ + P ) by virtue of the field equation (5).) The anisotropic stress is of the same order as the pressure, which when inserted into the Einstein equation would be inconsistent with the assumed Robertson-Walker metric. We therefore assume that the contribution of the unperturbed vector field to T µν is negligible.
(Instead, one can invoke many randomly oriented vector fields, to arrive at a vector inflation model [8, 9] .)
B. Vacuum fluctuation
Now we consider for the first time the contribution of δA to T µν . We will take the spatial average which kills the anisotropic stress and gives ρ and P as a mode sum. For ρ we write
where the superscripts indicate transverse and longitudinal contributions to the spectrum. Then we write
and similarly for P ρ|| , where the first term comes from Eq. (27) and the second comes from Eq. (28), and we treat the pressure P in the same way. In this section we consider the contributions generated by the vacuum fluctuation. The transverse contributions to the energy density are
And the longitudinal contributions are
The contributions to the pressure are
and
where
By virtue of the Eqs. (16) and (22), the continuity equation is satisfied by each mode separately. These expressions remain finite when p 2 +M 2 goes through zero around the time of horizon exit, becauseȦ ||k /(p 2 + M 2 ) remains finite. As discussed in the Introduction, we ignore the singularity that will occur after inflation if our action remains valid with nonzero m so that M 2 rises through zero. Consider first the super-horizon regime p 2 ≪ H 2 , in which the vacuum fluctuation has generated a classical perturbation. Ignoring the possible epoch when M 2 rises through zero this is also the regime p 2 ≪ |M 2 |. If also p ≪ m the spatial gradient of δB i is negligible and we can set p = 0 in Eqs. (32)-(35). Putting the result into Eq. (30), we arrive at the classical quantity ρ δB . Using Eq. (13) and the analogous expression for |δḂ| 2 , it can be written
This is of the same form as Eq. (29), and it holds at each position because the spatial gradient is negligible. The part of δB that comes from scales much bigger than the observable universe cannot be distinguished from the unperturbed quantity, and neither can its energy density. If instead m 2 = 0 (or least negligible compared with p 2 ) we find to leading order in p
Using Eqs. (12) and (30), this gives the known result ρ δB = B 2 mag /2 where B mag = curl B is the magnetic field. We see that the longitudinal mode, ignored in previous work, gives in fact no contribution to ρ. Now consider the regime m ≪ H and p ≫ H. The latter condition (sub-horizon) means thatÂ ⊥k andÂ ||k describe practically massless particles, and using Eqs. (15) and (21) and Eqs. (32)- (35) we find for the vacuum state
These contributions to the energy density diverge in the ultra-violet and as usual we drop them.
IV. ENERGY DENSITY: PARTICLES
Instead of the vacuum state, suppose now that the state corresponds to occupation number n k , which is independent of direction. The operator expression Eq. (12) and the mathematics of the harmonic oscillator imply that we should then make the replacement P vac → 2n k P vac . Then, remembering that the density of states is 1/(2π) 3 , Eq. (43) shows that each transverse particle carries energy p while each longitudinal particle carries energy −p. This holds for as long as m ≪ H; in other words, unless and until we encounter the singularity epoch when M 2 rises through zero. The negative energy density of the longitudinal mode occurs when the kinetic term in Eq. (19) is negative, which is caused by the non-minimal coupling to gravity. Since the longitudinal particles carry negative energy, energy conservation allows them to be created from the vacuum along with ordinary particles (and/or transverse particles) that carry positive energy.
A scalar field φ living in flat spacetime (minimal coupling to gravity), whose kinetic term is −1 times the canonical one, is called a ghost. Using flat spacetime quantum field theory, one can estimate the rate of processes like
It is found [20] that the rate for this process would violate observational constraints on either air showers (assuming Lorentz invariance) or would require an implausibly low ultra-violet cutoff on the effective field theory (allowing a violation of Lorentz invariance).
The situation for our longitudinal mode is quite different. The non-minimal coupling to gravity, as well the condition m ≪ H, mean that the creation rate cannot be calculated using flat spacetime theory. Also, unless m is strictly zero, the creation occurs only in the early universe which means that it is not constrained by direct observation.
After some particles have been created, their energy density redshifts like 1/a 4 while they are relativistic, and like 1/a 3 after they have become non-relativistic. The epoch of transition between these two regimes will be different for the longitudinal particles and the ordinary particles, which means that the initial cancellation between their energy densities will not be preserved. Much as in the warm inflation scenario, the energy density of the created particles will come into equilibrium, where the rate of creation balances the redshift. In order not to affect the creation of longitudinal perturbations from the vacuum, the longitudinal and transverse occupation numbers should be n k ≪ 1. (The presence of ordinary particles, giving zero total energy density, of course invalidates the argument given earlier for n k ≪ 1 being mandatory.)
It is not clear how to estimate the creation rate, which as already stated has nothing to do with flat spacetime field theory. Since the creation is caused by the coupling RA 2 /6 though, significant creation will not persist until very late times even if m 2 remains negligible (so that the energy density of the longitudinal particles remains negative). This is because R becomes negligible at late times compared with all other relevant energy scales. In particular, Eq. (4) gives at the present epoch |R| ∼ H 2 0 ∼ 10 −66 eV 2 . This means that longitudinal photon creation does not necessarily invalidate the use of our action as a mechanism for generating a primordial magnetic field, even though it implies in principle the existence of longitudinal photons.
V. AVOIDING A MASS TERM
After inflation, R given by Eq. (4) remains negative and at most of order H 2 . #3 A significant mass term will therefore cause M 2 to rise through zero at some point, leading to the singularities mentioned earlier. In this section we consider two ways in which such a term might be avoided.
#3 With strict radiation domination R = 0, but non-Abelian interactions are expected to make R a significant fraction of H 2 even then [11] .
The most promising way is to set m = 0, but invoke a coupling g 2 φ 2 A 2 or g 2 |φ| 2 A 2 , to some real or complex scalar field. The latter case, with the coupling coming from a gauge coupling, is particularly attractive, among other things because it justifies the canonical kinetic term. (Of course the gauge symmetry is broken by the RA 2 /6 coupling, but that term disappears in the flat spacetime limit that will be an excellent approximation at late times.)
#4 If φ has zero vev, such a coupling would allow the perturbation δA to affect the mass of φ, offering the possibility of an inhomogeneous decay mechanism for generating the curvature perturbation. Alternatively, if φ has nonzero vev this coupling could generate an effective mass for the vector field, which may avoid the singularity occurring when A µ has a mass term and allow say a curvaton mechanism.
Another possibility might be to drop the coupling RA 2 /6, and to introduce a negative mass-squared m 2 ≃ −2H 2 during inflation. To stabilize A µ one would then have to introduce a vector field potential V (A 2 ) giving A 2 a vev at which V (A 2 ) = 0, which if renormalizable would be of the form V (A 2 ) = −m 2 A 2 + λA 4 . This possibility (without an explicit form for V (A 2 )) was invoked [1] to provide a curvaton mechanism. It might though turn out, when the field equation and energy density are worked out, that a singularity still develops when the effective mass-squared dV /d(A 2 ) of the perturbation passes through zero. Finally, we point out that instead of a single field A we might be dealing with a nonAbelian multiplet. Indeed, if A describes the electromagnetic field that is certainly the case, because A µ that field is part of at least the electroweak SU (2) × U (1) multiplet which in turn may be part of a GUT multiplet. If A is a multiplet with (say) the RA 2 /6 coupling to gravity, the issues we have raised will need to be revisited which has not been done. All that has been done in this direction (without reference to a specific mechanism for generating δA) is a calculation of the non-gaussianity of δA soon after horizon exit, that is generated by its self-coupling [7] . However, the self-interaction cannot be too strong, or the non-linear evolution of A µ would not be viable. This places an upper bound on the gauge coupling, which is presently unknown and which might be violated by the Standard Model running couplings.
VI. CONCLUSION
A light vector field with the canonical kinetic term and minimal coupling to gravity is invariant under conformal transformations, and as a result it cannot contribute significantly to the primordial curvature perturbation (at least on cosmological scales). Nor can such a field (identified in that case as the electromagnetic vector potential) generate a viable primordial magnetic field.
#5
To avoid this situation one must break the conformal invariance, by introducing a nonminimal kinetic term and/or a non-minimal coupling to gravity. We have explored the latter possibility, adopting the simplest viable coupling which is RA 2 /6. That the factor 1/6 works was discovered by accident [12] , and it is not known whether the fact that it works is related at some deep level to the fact that a coupling Rφ 2 /6 of a scalar field restores the otherwise broken conformal invariance.
In this paper we have addressed the issues, raised in [10, 11] , that call into question the health of this coupling with regard to the longitudinal perturbation. To facilitate this, we have for the first time calculated the contribution of the vector field perturbation to the spatially-averaged energy density of the universe. We have verified that the contribution of the longitudinal component is negative unless and until the mass of the vector field becomes of order the Hubble parameter. Then longitudinal particles can at some level be created from the vacuum along with ordinary particles, but we have noted that such creation will become negligible at late times because the coupling of the field to gravity will be negligible.
#4
The view we are taking in this paper, that a gauge symmetry broken only by the RA 2 /6 coupling may be relevant, is more up-beat than the one taken in Section 7.1 of [4] . #5 In fact, due to the conformal invariance there is no classical magnetic field at all on scales that have entered the horizon, because there is no Bogoliubov transformation.
In this regard, the longitudinal field is quite different from a scalar field which simply has the wrong-sign kinetic term; such a field is called a ghost and is indeed forbidden because it would lead to the creation of too many photons from the present-day vacuum [20] .
#6
We have also considered the other issue, which is that the linear evolution becomes singular at certain epochs if the action of the vector field has a nonzero mass term. We have pointed out that while this signals a failure of the linear theory, it remains to be seen whether the full theory is sick. In addition, we have mentioned ways in which a nonzero mass term can be replaced by something more complicated, which may well avoid the singularities. 
